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FROM τ-TILTING MODULES TO TILTING MODULES
XIAOJIN ZHANG
Abstract. Let Λ be a finite dimensional algebra and T a τ -tilting Λ-module. Then T is a
tilting module if and only if Exti
Λ
(T, FacT ) = 0 for any i ≥ 1, where FacT is the full subcategory
consisting of modules generated by T . Consequently, a τ -tilting module T of finite projective
dimension is a tilting module if and only if Exti
Λ
(T, T ) = 0 for i ≥ 1.
1. Introduction
In 1975, Auslander and Reiten [AuR1] introduced the following generalized Nakayama conjecture
(GNC): For a finite dimensional algebra Λ, every finitely generated indecomposable injective right
Λ-module occurs as a direct summand of Ii(Λ) for some i ≥ 0, where 0 → Λ → I0(Λ) → · · · →
Ii(Λ) → · · · is a minimal injective resolution of Λ. To study GNC, they posed the following
Auslander-Reiten conjecture (ARC): For a finite dimensional algebra Λ and a finitely generated
right Λ-module M , ExtiΛ(M ⊕ Λ,M ⊕ Λ) = 0 holds for i ≥ 1 implies that M is projective. It is
also proved by them that every algebra satisfies GNC if and only if every algebra satisfies ARC.
Moreover, in case Λ is self-injective, ARC coincides with the question posed by Tachikawa [T].
It was showed by Hoshino [Ho] that the ARC holds for symmetric algebras of radical cube zero.
Recall that a right Noetherian ring A is called an AC Ring if for every finitely generated right
A-module M there exists an integer bM such that for every finitely generated right A-module N ,
one has Exti>>0A (M,N) = 0 implies that Ext
bM
A (M,N) = 0. Christensen and Holm [CH] showed
that the ARC holds for AC rings. Denote by Tr the Auslander-Bridger Transpose. Recall that a
module M ∈ modΛ is called a Gorenstein projective module if ExtiΛ(M,Λ) = Ext
i
Λ(TrM,Λ) = 0
for i ≥ 1 and M is called self-orthogonal if ExtiΛ(M,M) = 0 for i ≥ 1. Moreover, Huang and Luo
[HL] posed a question as a special case of ARC saying that a self-orthogonal Gorenstein projective
module should be projective. The author [Z1] proved that any self-orthogonal Gorenstein projective
module over a CM-finite algebra [LZ] is projective. It seems that the self-orthogonal condition has
some connection with finite projective dimension.
On the other hand, in 2014 Adachi, Iyama and Reiten [AIR] introduced the notion of τ -tilting
module as a generalization of tilting modules [HaR] in terms of mutation. By a tilting module, we
mean a tilting module of projective dimension at most one. It was showed that tilting modules
are precisely faithful support τ -tilting modules. Moreover, by using the Auslander-Reiten formula,
one gets that tilting modules are precisely τ -tilting module of projective dimension at most one.
Notice that tilting modules are always self-orthogonal, it is interesting to study how far it is from
slef-orthogonal τ -tilting modules to tilting modules. In 2019, Xie, Zan and the author [XZZ] have
studied the homological properties of self-orthogonal τ -tilting modules. It is proved that self-
orthogonal τ -tilting modules admit very similar properties to tilting modules. For more details on
connections of support τ -tilting modules and tilting modules, we refer to [BZ1, BZ2, BZ3,IZ1] and
the references there.
It is natural to ask:
Question 1.1. Is a self-orthogonal τ-tilting module a tilting module?
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In this paper we give an answer to this question and prove the following theorem.
Theorem 1.2. Let Λ be a finite dimensional algebra and T ∈ modΛ a τ-tilting module. Then T
is tilting if and only if ExtiΛ(T,FacT ) = 0 for i ≥ 1, where FacT is the full subcategory consisting
of modules generated by T .
Applying Theorem 1.2 to τ -tilting modules of finite projective dimension, we have the following
theorem.
Theorem 1.3. Let Λ be a finite dimensional algebra and T ∈ modΛ a τ-tilting module of finite
projective dimension. Then T is a tilting module if and only if ExtiΛ(T, T ) = 0 for i ≥ 1.
As a corollary, we get the following result.
Corollary 1.4. Let Λ be a finite dimensional algebra of finite global dimension and T ∈ modΛ a
τ-tilting module. Then T is a tilting module if and only if ExtiΛ(T, T ) = 0 for i ≥ 1.
The paper is organized as follows: In Section 2 we recall some preliminaries and show Theorems
1.2 and 1.3.
Throughout this paper, all algebras are finite dimensional basic algebras over an algebraically
closed field K and all modules are finitely generated. We use modΛ to denote the category of
finitely generated right Λ-modules. Denote by D = HomK(−,K) and τ the standard duality and
the Auslander-Reiten translation functor, respectively.
2. Main results and proofs
In this section, we firstly recall some basic properties of tilting modules and τ -tilting modules,
and then prove the main result of the paper. Moreover, we give an example to show that our result
can not be generalized to support τ -tilting modules.
For an algebra Λ and a module M ∈ modΛ, denote by |M | the number of non-isomprphic
indecomposable direct summand of M .
Definition 2.1. Let T ∈ modΛ. T is called a tilting module if the following are satisfied:
(1) pdΛ T ≤ 1,
(2) ExtiΛ(T, T ) = 0 for i ≥ 1,
(3) There is an exact sequence 0→ Λ→ T0 → T1 → 0 with Ti ∈ addT .
We should remark that (3) is equivalent to |M | = |Λ|.
We also need the following definitions in [S] and [AIR].
Definition 2.2. (1) We call M ∈ modΛ τ-rigid if HomΛ(M, τM) = 0.
(2) M ∈ modΛ is called τ-tilting if M is τ -rigid and |M | = |Λ|.
(3) M is support τ -tilting if T is τ -tilting over the algebra Λ/(e), where e is an idempotent of Λ.
The following proposition on τ -tilting modules is quite important [AIR, XZZ].
Proposition 2.3. Let T ∈ modΛ be a τ-tilting module. For any M ∈ FacT , there is an exact
sequence · · · → T1
f1
→ T0
f0
→M → 0 with Ti ∈ addT and Ker fi ∈ FacT .
Proof. By [AIR, Proposition 2.5], HomΛ(Ker f0, τT ) = 0 holds. Since T is a τ -tilting module, we
have a torsion pair (FacT, SubτT ) by [AIR, Theorem 2.12]. Then Ker f0 ∈ FacT . Using a similar
process, one gets the assertion. 
The following theorem is known as the Auslander-Reiten formula [AsSS, Chapter IV, Theroem
2.13]
Theorem 2.4. For any M,N ∈ modΛ, Ext1Λ(M,N) ≃ DHomΛ(N, τM) holds.
For a module T ∈ modΛ, denote by T⊥ = {M ∈ modΛ|ExtiΛ(T,M) = 0, i ≥ 1}. The following
property of τ -tilting modules which is a generalization of that of tilting modules is quite essential
in this paper.
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Proposition 2.5. Let T ∈ modΛ be a τ-tilting module and M ∈ T⊥. Then HomΛ(T,M) = 0
holds if and only if M = 0.
Proof. ⇒ On the contrary, suppose that M 6= 0. Then the injective envelope I0(M) is not 0.
Since T is a τ -tilting module, one gets a torsion pair (FacT, SubτT ) by [AIR, Theorem 2.12]. Then
HomΛ(T,M) = 0 implies that M ∈ SubτT . That is, M ֌ (τT )
m for some integer m ≥ 0. Notice
that if M ∈ T⊥, then we get Ext1Λ(T,M) = 0. By Theorem 2.4, one gets HomΛ(M, τT ) = 0
which implies that the monomorphism f : M ֌ (τT )m factors through an injective module,
and hence factors through the injective envelope h : M →֒ I0(M), that is, f = gh for some
g : I0(M) → (τT )m. Since h is an essential monomorphism, one gets that g is a monomorphism,
and hence I0(M) is a direct summand of τT . This is a contradiction.
⇐ This is obvious. 
Now we show the relations between self-orthogonal τ -tilting modules and tilting modules.
Theorem 2.6. Let T ∈ modΛ be a τ-tilting module. Then T is a tilting module if and only if
ExtiΛ(T,FacT ) = 0 for any i ≥ 1.
Proof. ⇒ This is obvious since FacT = T⊥ whenever T is a tilting module.
⇐ It suffices to show that T⊥ ⊆ FacT , that is, for any 0 6= M ∈ T⊥, we have M ∈ FacT .
We use induction on the length l(M) of M .
If l(M) = 1, then M is simple. M ∈ T⊥ implies that HomΛ(T,M) 6= 0 by Proposition 2.5.
Then one gets that M ∈ FacT .
Assume that the assertion holds for l(M) ≤ k. Now we show the case l(M) = k + 1. Since T is
τ -tilting, by [AIR, Theorem 2.12] we get the following canonical exact sequence according to the
torsion pair (FacT, SubτT ):
0→ T (M)→M → F (M)→ 0 (∗)
with T (M) ∈ FacT and F (M) ∈ SubτT . By the assumption FacT ⊆ T⊥, we get ExtiΛ(T, T (M)) =
0 for i ≥ 1. We claim that T (M) 6= 0.
If T (M) = 0, then M ≃ F (M). So M ∈ T⊥ implies F (M) ∈ T⊥. Since HomΛ(T, F (M)) = 0,
by Proposition 2.5 one gets that F (M) = 0 which implies M = 0. This is a contradiction.
Applying the functor HomΛ(T,−) on the exact sequence (∗) above, one gets that Ext
i
Λ(T, F (M)) =
0 for i ≥ 1. Since l(F (M)) < l(M) = k + 1, we get F (M) ∈ FacT by induction hypothesis. Then
F (M) ∈ SubτT implies that F (M) = 0 and hence M = T (M). 
To show the main result on τ -tilting modules with finite projective dimension, we need the
following lemma.
Lemma 2.7. Let T ∈ modΛ be a τ-tilting module with pdΛ T = d <∞. If Ext
i
Λ(T, T ) = 0 holds
for i ≥ 1, then FacT ⊆ T⊥.
Proof. For any M ∈ FacT , by Proposition 2.3, we get a long exact sequence
· · · → T1
f1
→ T0
f0
→M → 0 (1)
with Ti ∈ addT and Ker fi ∈ FacT . If the length of the sequence (1) is finite, then applying the
functor HomΛ(T,−) to the sequence (1), one gets the assertion. Otherwise, take the following
exact sequence:
0→ ΩdTM → Td−1
fd−1
→ Td−1
fd−2
→ · · · → T0
f0
→M → 0 (2)
Applying the functor HomΛ(T,−) to (2), one gets that Ext
k
Λ(T,Ω
d
TM) ≃ Ext
k−1
Λ
(T,Ωd−1T M) since
ExtiΛ(T, T ) = 0 for i ≥ 1. Since Ker fi ∈ FacT , one gets that Ext
k
Λ(T,Ω
d
TM) = 0 for 1 ≤ k ≤ d.
On the other hand, ExtkΛ(T,Ω
d
TM) = 0 holds for k ≥ d+ 1 since pdΛ T ≤ d. So Ω
d
TM ∈ T
⊥. 
Now we are in a position to show the following result.
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Theorem 2.8. Let Λ be a finite dimensional algebra and T ∈ modΛ a τ-tilting module of finite
projective dimension. Then T is a tilting module if and only if ExtiΛ(T, T ) = 0 for i ≥ 1.
Proof. ⇒ This is obvious.
⇐ By Lemma 2.7, FacT ⊆ T⊥. Then the assertion follows from Theorem 2.6. 
As an immediate corollary, we have the following.
Corollary 2.9. Let Λ be a finite dimensional algebra of finite global dimension and T ∈ modΛ a
τ-tilting module. Then T is a tilting module if and only if ExtiΛ(T, T ) = 0 for i ≥ 1.
Now we give an example to show Theorem 2.8.
Example 2.10. Let Λ be an algebra given by the quiver Q:
1
α
// 2
β
// 3
γ
oo
with the relation βγ = 0.
(1) The global dimension of Λ is 2.
(2) There are 9 τ -tilting modules as follows:
T1 =
1
2
3
⊕ 2
3
⊕
3
2
3
; T2 =
1
2
3
⊕ 2
3
⊕ 2 ; T3 =
1
2
3
⊕
1 3
2
3
⊕ 2 ;
T4 = 3 ⊕
1 3
2
3
⊕ 2 ; T5 =
1
2
3
⊕
1 3
2
3
⊕ 1 ; T6 =
1
2
3
⊕ 1
2
⊕ 2 ;
T7 = 3 ⊕
1 3
2
3
⊕ 1 ; T8 =
1
2
3
⊕ 1
2
⊕ 2 ; T9 = 1 32 ⊕
1 3
2
3
⊕ 1 .
(3) T1, T2, T4, T5, T7 and T9 are all self-orthogonal τ -tilting modules, and hence tilting modules.
We give the following example to show that a self-orthogonal support τ -tilting module is not
necessary to a partial tilting module.
Example 2.11. Let Λ be given by the quiver Q : 1→ 2→ 3 with rad2KQ = 0. Then S(1) = 1 is
an injective support τ -tilting module with projective dimension 2 and hence not a partial tilting
module.
We end the paper with the following remark.
Remark 2.12. For a self-injective algebra Λ, we do not know whether a self-orthogonal τ -tilting
module T in modΛ is tilting or not. The positive answer to the question will be a partial answer
to Tachikawa’s question [T] as well as a partial answer to ARC. While an negative answer will
give a counter-example to the ARC. In all, we give a new method to study the ARC and related
conjectures.
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